A method is described for experimentally measuring the neutron multiple scattering in four vanadium samples of different geometry by means of the polarization analysis technique. The spin-dependent scattering cross section of 51V provides a much more stringent test of multiple scattering than is possible by intensity measurements, and the experimental results are shown to be in excellent agreement with theoretical calculations of the multiple scattering carried out by a Monte-Carlo procedure.
Introduction
The determination of structures by the scattering of thermal neutrons from solids or liquids requires the evaluation of the single scattering cross section. In practice higher-order scattering is always present in addition to the single scattering, therefore the experimental data have to be corrected accordingly. This is particularly important for scatterers which do not give well-defined Bragg peaks where multiple-scattering corrections are usually made by theoretical computation, either by using one of a variety of analytic simplifications (Blech & Averbach, 1965; Vineyard, 1954) , or alternatively by Monte-Carlo methods (Meardon, 1973 (Meardon, , 1975 Bischoff, Yeater & Moore, 1972) . It is very difficult to verify experimentally the models used for these calculations since in general this requires an absolute intensity determination of the angular dependence of the total scattering. The problems of normalization and correcting for backgrounds are often very severe, and a comparison of the theoretical and experimentally determined scattering intensity profiles is rarely attempted.
In this paper we describe a method of using the spin property of the neutron to provide a more sensitive probe of multiple scattering than is possible by intensity measurements. This was done by carrying out polarization (or spin) analysis experiments (Moon, Riste & Koehler, 1969 ) on a number of vanadium samples, where the spin-dependent single-scattering cross section is well-characterized. In the experiment a neutron beam of known incident polarization is scattered by the sample and a second polarizer is used to measure the 'multiple-scattering-dependenr polarization of the scattered beam.
Analytic and Monte-Carlo calculations of multiple scattering may be considered as complementary since the latter are most useful when the fraction of multiply scattered neutrons is greater than about 0.1, whereas this is the point at which analytic approximations begin to break down. Vanadium has a large macroscopic scattering cross section, therefore all the multiple scattering calculations reported here were per-formed using the Monte-Carlo method. These calculations, unlike many analytic ones, allowed us to take account of the finite sizes of the scatterers, the solid angle of detection, and the pure elastic part of the scattering which has a Debye-Waller momentum transfer (Q) dependence.
The layout of the instrument used for the polarization analysis experiments is shown schematically in Fig. 1 . A spin flipper reverses the polarization direction of the neutrons incident to the scatterer, and the basic measurement (which contains the information on the multiple scattering) is that of a 'flipping ratio' r. This is the (Spin flipper ON/Spin flipper OFF) detected counts ratio, corrected for backgrounds, after the scattered beam has been spin analysed. We have measured the flipping ratios for four different vanadium sample geometries and have compared the results with the flipping ratios calculated with known values for the efficiencies of the instrument components together with Monte-Carlo predictions of the multiple scattering obtained using two computer programs described elsewhere (Meardon, 1973 (Meardon, , 1975 .
Relationships between the flipping ratios and the spin-dependent scattering cross sections
Spin-dependent scattering cross sections as derived from polarization analysis measurements are most conveniently expressed in terms of the ratio R of the spin-flip (sf) to the total (t) single-scattering cross sections. In the case of polarization analysis spectrometers which use polarizing crystal analysers the scattered neutrons are simultaneously spin and energy analysed and the appropriate spin-flip fraction is given by
and contains the double differential cross sections.
The measured flipping ratio depends on R, the number of multiply scattered neutrons which are spin analysed and detected, and also on the efficiencies of the instrument components which act on the neutron spin (polarizer, spin-flipper and analyser). The general expression for the flipping ratio is (Williams, 1975) geometry is such that the average path length for the primary scattering is different from that for higher orders, this simplification has to be extended to give a two-term expansion. 
and 6=c-b.
The main advantage of the polarization analysis method for investigating multiple scattering is that it involves the measurement only of a ratio of intensities rather than of absolute intensities. The technique allows a direct probing of the ratio c, which is not possible by any other method, provided that the instru-
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where PM and PA are the polarizing efficiencies of the polarizer and spin analyser respectively, and f is the spin-flipper efficiency. These efficiencies are defined in the conventional way: the polarizing efficiency is the degree of polarization attained by an unpolarized beam on passing through a polarizer, and the spinflipper efficiency is the fraction of the neutron spins of either spin state which are flipped to the opposite spin state by the flipper. F1, F2, Fm are the fractions of the analysed and detected neutrons which are scattered to first, second and ruth order etc., that is
and Nm is the number of analysed and detected neutrons which are scattered m times. In those instances where the scattering is weak it is a good approximation to assume a constant value for the ratio
and in such cases (2.2) reduces to
However, for samples with a large macroscopic scattering cross section, and where the experimental ment component parameters and spin-flip fraction R for single scattering are well established.
Monte-Carlo calculations of multiple scattering
The Monte-Carlo programs ORINOCO and TOBERMORY (Meardon, 1973; 1975) were used to calculate the multiple scattering from both the cylindrical and planar vanadium samples investigated in this work. These programs are written in Fortran IV and all the neutron histories through the samples are analysed digitally. Neutrons are assumed to be incident as monoenergetic particles in a parallel beam. Allowance is made for beam dimensions and for finite sample size and no assumptions are made so as to limit the first interaction point. On incidence the distance to the first collision is computed, and if this is more than the sample thickness in the direction of flight the neutron is registered as being transmitted and the next neutron is selected. When the interaction point is within the sample a decision is made as whether to assign this to an absorption or scattering event, this being determined by the ratios Nas/St and NtTa/Zt, where .S,= N(trs + a,,) .
( 3.1) N is the number of scattering nuclei per unit volume, and as and aa are the scattering and absorption cross sections respectively. The angular distribution of scattering is determined by the probability distribution of the differential cross sections which is specified in the input. Absorbed neutrons are recorded and the program then moves on to select the next neutron. After scattering, the distance s to the next interaction is computed from the probability distribution
This process is reiterated for all interactions which take place within the sample. Neutrons are followed through the sample until their histories are terminated either by transmission, by absorption, or by scattering out of the sample. In the last case the position of the neutrons is recorded in two dimensions. The point in azimuthal angle around the scattering cone is recorded as well as the position in scattering angle (20). This enables the effects of multiple scattering perturbing the intensity around the scattering cone to be investigated. The azimuthal angular dependence of the scattering is particularly important for tall thin samples where the sample geometry gives a marked twodimensional effect. Since most neutron spectrometers only sample the scattering cone in the horizontal scattering plane, it is of great importance to know how well this scattering represents the total amount of scattering around the cone at a particular 20 value.
For the case of pure incoherent scattering, as occurs to a first approximation in vanadium, the differential cross section is monotonic with momentum transfer and includes both elastic and inelastic contributions. However the elastic part of the cross section measured on a triple-axis spectrometer, as used for the vanadium measurements described here, has a momentum transfer (Q) dependence which follows the Debye-Waller approximation: 4) and the magnitude of the momentum transfer is given by
The Debye-Waller factor used in the calculations to be described in this report, B3oo, was that for ambienttemperature vanadium. The decrease in the elastic cross section with momentum transfer was dealt with in the calculations by giving as input the differential cross sections as in (3.3). In the case of vanadium the scattering cross section was assumed to be equal to the incoherent cross section oinc.
Experimental method 4.1. The polarization analysis spectrometer
The neutron polarization analysis experiments were performed on the D5 diffractometer at the HFR, Institut Laue-Langevin, Grenoble. This is a tripleaxis instrument which views the reactor hot source and uses polarizing crystal monochromators on the first (the polarizer) and third (the analyser) axes. A RF spin flipper is used to reverse the neutron polarization between the polarizer and scattering sample position. The measurements described in this report were all carried out using a Heusler alloy polarizer (111 reflection) at a neutron wavelength 2 = 0.84 A. A 1 mm thick erbium filter was placed between the monochromator and sample positions in order to reduce the 2/2 component in the incident beam. The in-pile collimation is _+0.5 ° and the flux at the scatterer is ---2 × 106 n cm -1 s-1 with a wavelength resolution (A2/2) ~0.07 at 0-84 A.
In the direct-beam calibration of the polarizing efficiency product PMPA and flipper efficiency f on this instrument, the count rates behind the analyser were found to be sufficiently high to saturate both the BF3 and 3He gas detectors used at different times in the experiments to be described. A combination of erbium/cadmium foils such that cadmium thickness/ erbium thickness ~0-38 was used to attenuate the beam from the polarizer; these foils have the property that they have equal transmittances for both the firstorder (2=0-84 ./() and second-order (2=0.42 A) diffracted beams. This procedure ensured that the PMPA and f calibrations were carried out on a neutron beam with the same amount of 2/2 contamination as the beam used in the scattering experiments (no attenuators), and the use of the erbium/cadmium attenuators therefore overcame a possible difficulty due to the wavelength dependence of the RF spin flipper efficiency. The instrument configuration between guide field 2 and the counter (Fig. 1 ) used for the vanadium measurements is shown in Fig. 2 ; this layout influences the multiple-scattering fractions (F) which are analysed and detected, and hence also the flipping ratios. The beam definition onto the sample was made either with a boron carbide plus cadmium aperture or with a boron carbide aperture alone. The latter resulted in lower background levels at the detector. The volume around the sample was enclosed in an aluminium tank enabling evacuation of the region viewed by the analyser/detector, and this caused a significant reduction in the background levels.
Calibration of the instrument component efficiencies
The use of the theory given in § 2 to investigate the multiple-scattering fractions requires that a good calibration of the instrument parameters PMPA and f is obtained, and in the polarization analysis experiments a beam area is used where the spread in these parameters is constrained within a limit --. + 1 ~. A detailed description of the calibration of triple-axis polarization analysis instruments has been reported earlier (Freeman, Meardon & Williams, 1977) and we shall restrict this discussion to the more important conclusions.
The conventional method for calibrating the polarizing efficiencies and flipper efficiency of polarized beam instruments is to measure the flipping ratios with polarizing monochromators of high positive efficiency (e.g. the 200 reflection from Co: Fe) and high negative efficiency (e.g. the 111 reflection from Heusler alloy, Cu2MnA1) as the spin analysers (Brown & Forsyth, 1964 ). An absolute calibration of the polarization product PMPA is easily obtainable when this product is negative, since the flipping ratio is then insensitive to the flipper efficiency f A Heusler alloy polarizer (negative efficiency PM) was used in the experiments described here, and the direct-beam flipping ratio rco:ve measured with a Co:Fe analysing crystal of positive efficiency Pco: ve relates to the polarizing efficiency product PMPco:F~ as follows:
PMPco: Fe = (1 -rco: ve)/(rco: Fe --1 + 2f), responding equation with Ph (negative) and rh replacing Pco:ve and rco:ve is valid for the direct beam measurement of the flipping ratio with a Heusler alloy analysing crystal, though in this case rh is now sensitive to both the flipper efficiency f as well as the product PMPh. Although these separate terms cannot be determined absolutely, they were determined with a high degree of confidence for the present set of experiments (Freeman et al., 1977) by carrying out 'point-scan' measurements of both rco:ve and rh over the area of the scatterer. The f value used for the scattering experiments was derived by averaging over the point-scan measurements with the knowledge that the optimized value for a RF spin flipper and a monochromatic beam is generally --~0.99 and also by selecting f values for different points in the scan so that they gave a PMPh profile which was consistent with the unambiguously determined PMPco:Ve profile. The point-scan experiments also provided a means of selecting a beam area for the scattering experiments over which PMPA and f were constant to 1%; in the present case the selected beam area at the scatterer was 15 mm (high) × 25 mm (wide). It was concluded in our earlier work that in order to minimize the uncertainties due to instrumental factors in polarization analysis experiments the optimized instrument should have a spin analyser of opposite sign efficiency to the polarizer. The vanadium scattering experiments were therefore carried out with a Heusler alloy polarizer and Co:Fe analyser. The instrument parameter values found from the calibration procedure described were PMPco. Ve = --0"962_+ 0"002 and f= 0"985 _+ 0"005.
Results

Flipping ratio measurements on vanadium
Vanadium was chosen as the scatterer to test the theoretical model of multiple scattering because it has a well-characterized R value. The metal contains predominantly one isotope (sIV, natural abundance= 99"76%), and it has a well-established total scattering cross section as=4"98 b atom -1 (Dilg, 1974) . The coherent part of this cross section is 0"03 b atom-1 (Willis, 1973) , thus the R value (for isotropic scattering) is 0"663.
Four different scattering sample geometries were investigated:
Sample A: Plate 95 × 40 × 4-5 mm. The plate was normal to the neutron beam with the 4-5 mm dimension along the neutron beam direction and the 40 mm dimension vertical.
Sample B: Plate 95 ×40× 18.3 mm. Positioned as Sample A with the 18"3 mm dimension along the neutron beam.
Sample C: Plate 95 ×40x 18.3 mm. As Sample B rotated by 45 ° about the vertical axis so that the scattering angle 20 = 45 ° and the sample was viewed end on; this geometry is illustrated in Fig. 2. Sample D: Cylinder 20 mm diameter x 30 mm high. Positioned with the cylinder axis vertical.
The scattered neutrons were analysed at a scattering angle 20=45 ° . One of the main problems in determining the flipping ratios of the vanadium samples to the desired accuracy was that of evaluating the backgrounds. The peak and background count rates observed in an (to, 2to) analyser scan for the smallest vanadium sample (geometry A) are shown in Fig. 3 . The background values used in the measurements to be presented were determined by a least-squares linear fitting of data taken in the far wings of the intensity distributions obtained during (to, 2to) scans of the Co:Fe analyser. The background counts evaluated by this method were shown to be identical to those from a more time-consuming method which required the measurement of a set of six counts for each sample geometry.
Comparisons of the full widths at half maximum height of the (to, 2to) profiles measured for plate geometries A and B showed that, within the resolution function of the instrument, multiple inelastic scattering of neutrons was insignificant.
The vanadium flipping ratio measurements given in this paper were calculated by numerically summing the spin-flipper ON and spin-flipper OFF counts (after correcting for backgrounds) over equivalent analyser to positions. The first set of data was obtained by summing the counts Y-N(flipper ON) and Y N(flipper OFF) over a major part of the (to, 2to) scan profiles. The statistical accuracies of the flipping-ratio values for sample geometries A and D were later improved during experiments in which the Y-N(flipper ON) and Z N(flipper OFF) counts used were restricted to counts of the (to, 2to) scans covering a range of toco: ve equivalent to the half-width of the peak. The increase in the time-average counting rates during these experiments enabled us to obtain more accurate r values, and this is the measuring procedure that we would recommend for future experiments. The results of these two sets of measurements are shown in Table 1 .
Calculations of multiple scattering in vanadium
The multiple-scattering calculations were performed using the programs described in § 3. The cross sections (Dilg, 1974) used for scattering and absorption were a~=ain~=4"98 b atom -1 and a,,=2.37 b atom -1 (at 2 = 0-84 A). The differential scattering cross section was obtained from equation (3.4) .
The value of the ambient-temperature Debye-Waller factor for vanadium was taken to be B3o0 = 0-62 A-2; this is a mean of the published data for this parameter A B C D Data over major part of(w, 2(0) scans 0-58_+0-05 0.68_+0.02 0-69+0-04 0-65_+0.02 Data near peaks of ((0, 2(0) scans 0-576 + 0-008 ' --0-624_+ 0"005 (Weiss & de Marco, 1965; Linkoaho, 1971) . The variation of the second-to first-order scattering with the Debye-Waller factor calculated for vanadium sample geometry B is shown in Fig. 4 ; this shows that the multiple-scattering ratios (and hence the flipping ratios r) are sensitive to this factor. A similar behaviour was computed for the other sample geometries. Calculations were made for the four sample geometries measured experimentally; the calculation for sample geometry C was performed with the analyser/ detector system set so that the neutrons scattered along the plate edge were analysed. This is the oblique geometry case discussed by Meardon (1973) and is shown in Fig. 2 . The CPU time for each computer run was 18 min and the multiple-scattering ratios (N2/Nt) calculated for a scattering angle 20 = 45 ° are shown in Table 2 . We also show the theoretical flipping ratios r(calc) evaluated using a mean of the c values and the b value for each sample, together with the instrument parameters as determined in § 4.2. The close agreement between these values and the measured r values (Table  1) scattering angle 20=45 ° varies between 0.12 (Sample A) and 0.37 (Sample C), and this variation gives appreciable differences in the flipping ratios. The polarization analysis technique is therefore a sensitive method for investigating changes in the multiple-scattering ratios in the samples selected. The geometry which gave the greatest sensitivity to (N2/N~) was that of Sample C. Here the measurement was performed at the peak of the curve shown in Fig. 5 , looking edge-on down the plate. This is a particularly difficult geometry to handle analytically and is ideally suited to the Manta-Carlo method.
The multiple-scattering ratios shown in Table 2 indicate that a two-term expression [-b and c of equation (2.8)] is required in order to describe the multiple scattering in these high-scattering samples for all geometries other than that of Sample C. For geometries A, B and D the average path lengths in the samples for . the detected neutrons which are singly scattered are much less than those for higher orders of scatter. This means that in these cases the ratios (N2/N~) are appreciably different from (Nm+l/Nm) where m> 1. For sample geometry C however the average path length is much greater than the mean free path (10.9 mm) for all orders of scatter, thus (N,,,+ a/Nm) is approximately constant for all m. For most scatterers, particularly those weaker than the vanadium samples considered in this report, we would expect the corrections required for multiple scattering in a polarization analysis experiment to be well approximated by the single-multiple scattering ratio c.
Conclusions
Excellent agreement has been obtained between the flipping ratios observed for four different vanadium sample geometries and theoretical calculations of these flipping ratios carried out using a Monte-Carlo +0"003 +0"005 +0.008 +0-014 +0-025 +0.002 Planar sample 18"3 mm 0.358 0"363 0'345 0"341 0"382 0'703 thick, 45 ° to beam +0"006 +0"010 +0"016 +0"027 +0-049 +0'008 (oblique geometry), C. Cylinder 20 mm diameter, D. 0"202 0"228 0"231 0"235 0"211 0"628 +0"002 +0"004 ___0"009 +0"018 +0"035 +0"001 model for the multiple scattering. The results are summarized for comparison in Table 3 . Vanadium sample Experimental flipping Theoretical flipping geometry ratio r ratio r(calc) A 0"576+0"008 0"591 +0.001 B 0"68 +0"02 0"678 +0"002 C 0"69 +0"04 0"703+0"008 D 0-624 + 0"005 0"628 + 0"001
The flipping ratios were shown to be very sensitive to the degree of multiple scattering, thus in the case of vanadium the polarization analysis technique provides a much more stringent test of the multiple scattering than is possible by intensity measurements.
